Systems of differential equations (examples)

Normal form

1. Solve the system of equations:

Solution:

What is the idea of these tasks?
For one of the equation we find derivate and replace that in the other equation.

We need to make to stay only one unknown!

dx
? =—Tx+ y
dt first introduce labels x* and y' to be easier to work , of course: x" =x'(t) and y =y (t)
Ly
—=-2x-5
dr Y
x=-Tx+y . . .
. from the first equation express y =x" + 7x and find derivate
y=-2x-35y
x'=-Tx+y . . . .
. Now, y replace in first equation , also y=x"+ 7x
y=-2x-35y

X'=-Tx+(2x-5y)=-Tx2x-5y =-Tx-2x-5(x+7x) = -7x-2x - 5x-35x = -12x-37x
X '=—-12x-37x

x+12x+37x =0  First,we solve the characteristic equation...

2 +1224+37=0

_12+9;
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To remind you a little theory from this part...



Linear homogeneous equation with constant coefficient (second order)

y +ay+a, =0
First, write down the characteristic equation:

X +ad+a, =0

Depending on the characteristic equation solutions, we have three differentiate cases:

1) A, and A, are real and different, it is: y(x)=c,e™ + c,e™"
2) A, and A, are real and equal solutions, itis: y(x)= c,e™" +xc,e™"
3) A, and A,are complex conjugate: A, =atbi, 1,=a-bi then:  y(x)=c;e"cosbx+tc,esinbx

Since our solutions are A, =-6+i,4, =—6—i, it isobviousthat a=-6 and b =1, so, solution is:

x, =ce* cost+c e sint

To find now y;. We have already expressed y=x"+7x ...

x, =ce * cost+c,e” sint
x',=c,(~6e cost —e " sint) +c,(—6e " sint +e * cost) this replacein y=x +7x
vi= c,(=6e* cost —e * sint) +c,(~6e " sint +e ™ cost)+ 7 (c,e™ cost +c,e " sint)
yi= —c,6e cost—ce™ sint—c,6e " sint+c,e* cost+ 7c,e” cost+7c,e”* sint
y, =c,e " cost—c,e " sint+c,e sint+c e cost
y, =c,(e cost —e " sint)+c, (e sint+e ™ cost)

Therefore, the final solution is:

-6 —6t -+
x, =ce ' cost+c,e " sint

y, =c,(e cost—e " sint)+c,(e* sint + e cost)




2. Solve the system of equations:

ﬂ—x+2 +1
dt 4
dy
—=2x+y+t
d 4

Solution:
Y= xH 2yl do not forget: x' =x'(t) and y =y ()
o not forget: x' =x an =
y=2x+y+t 8 Y
X=x+2y+t » x ' =x +2y + 1 (when we find derivate)

x—-x-—t
2

X=x+2y+t=>2y=x—x—-t=>y=
X' =x +2y +1
X=x+2(x+y+1)+1
X=x+2x+2y+2t+1

x—-x-—t

X'=x4+2x+2 +2t+1

x'—2x-3x=t+1  Linear nonhomogeneous equation with constant coefficient

x ' -2x-3x=0
A =21-3=0
214 e s
A, = - = A4, =-1,4, =3 and homogeneous solution “by x” is equal:

x,(H)y=ce" +c,e

Method undetermined coefficients :

X=At+B
X' =A This replace in x"—2x-3x =1¢+1
X'=0



2A-3(AHB)=t+1
2A-3At3B=t+1

3At-2A-3B=t+1 fromhereis -3A=1 and -2A-3B=1 so: A= —% and B = —é

1
X = —— t —_——
39
-t 3¢ t 1 . .
X, =ce +ce — 39 is solution «by x»
. xX—x—t . . i w t 1 .
Howis y= , we will find derivate from x, =ce™ +c,e” ———— and replace thatin y.
2 39

1 o 1 _ t 1
Y, =E[(—cle +3c,e” _5)_ (ce” +c e’ —5—5)-‘[]

t
_ —t 3t
Yy, =—ce +c,e 379

Therefore, the final solution is:




3. Solve the system of equations:

dy
—=y+z+x
dx Y
%=—4y—3z+2x
dx
Solution:
y=y+z+x

here is z=z(x) and y=y(x
2= —4y-3z+2x ) ¥y

Express z from the first equation y'=y+z+x= y-y—x=z

Find derivate of first equation:

y'=y+z+1 here we will replace z* and z
V=y+H-4y-3z+2x)+1 =y -4y -3z4+2x+1=y -4y -3(y—y—x)+2x+1
y'=y-4y-3y+3y+3x+2x+1

¥y +2y+y =5x+1 Linear nonhomogeneous equation...

Y +2y+y =0
A +24+1=0
2+
A, = 22‘0 A =-L4,=-1

y.(H)=ce " +c,xe™”

Y= Ax+B
Y'=A this replace in y " +2y+y =5x+1
v=

0+24+ Ax+B=5x+1

Ax+2A+B=5x+1 fromhereis A=5 and 2A+B=1 ——» A=5 and B=-9

Y=Ax+tB So: Y =5x-9, go back in homogeneous solution y (H)=ce " +c,xe”

y,=ce +cxe " +Y



b

Y, =ce " +c,xe " +5x—9 We have received a solution “by y”, now to find “by z”.......

X

y,=—ce +c,(e” —xe)+5 replacein z=y-—y-x

zy=—ce +c,(e —xe " )+5- (cie" +c,xe +5x-9)—x

X

zy= (¢, —2¢, —2c,x)e* —6x+14 We have received a solution “by z”

Therefore, the final solution is:

y,=ce " +c,xe " +5x-9

zy= (¢, —2¢, —2c,x)e”" —6x+14

4. Solve the system of equations:

Bz
a”
L
dt
=y
a7
Solution:
X=y+z
y=x+z > X =x(t), y =y (t) and z' =z'(t)
zZ=x+Yy

Find derivate of first equation: x"'= y+z' and replace thatin y and z°, so:
X'=y+z'=(x+tz)+(x+ty)=2x+y+z, andbecause x=y+z itwill be
X =2Xx+Xx —— » X -Xx -2x=0

X -x -2x=0

A-2-2=0

+
A, = 1£3 = A4, =-1,4, =2 and we find solution «by x»:

x, =ce’ +c,e”
Now looking for solutions by y and by z . Let's go back to the start system:



X=y+z <——
y=x+z - Subtract the first and third of the equation!

Z=x+y

A

Z -x =x-2z here we will replace x, = c,e” +c,e” and where find derivate from here ,we will have x’
x, =ce’ +c,e”

x,=—ce’ +2c,e”

zZ -x =x—1z replace x and x°

7 - (-ce” +2c,e”)=ce +c,e¥ -z

z' +z=3c,e” Linear differential equations by “z”

~[ pyae

2(t)=e (cs+| a0} )

j p(t)dt :jldt =1

zZ(ty=e ' (c; + j3czez’etdt)
z(ty=e ™ (e + 302J-e3’dt) = e ' (¢; + 3¢, %€3I)=€_t (c; +c,e’)=e"'c, +c,e”

So we provided a solution “by z”: z(ty=e'c; +c,e”

More to find a solution “by y”!

N~ _ —t 2t ~t 2t
y =xtz=ce +c,e” te c¢;+cye

y = (c,+cy)e” +2c,e”  integral
Vi = _[ [(c, +cy)e” +2c,e™dt=—(c, +c;)e”" +ce”

So: y=—(c, +cy)e” +c,e”

_ ~t 2t
X, =ce +c,e

t

Vi= —(c, +¢y)e” +c e’ the final solution!

- 2
zi=e'c; +c,e”




. x'-2x -4y =cost .
5. Solve the system of equations: . and find a solution for x(0)=4 and y(0)=1
y+x+2y =sint

Solution:

We will express y from the first equation:

x'—2x—4y =cost
x'—2x—cost=4y
_ x—2x—cost

d 4

Find derivate for x-2x—4y =cost:

x'—2x—4y =cost

x'-2x-4y’=—sint here replace y" from start system
X' -2x -4(sint—x —2y)=-sint

. . ‘_2 _
X''-2x" -4 sint +4x +8y =-sint  replace y y = %COSZ‘

“ . . x—2x —cost .
X -2 -4s1nt+4x+8f=-smt

X =3sint+ 2cos t

x‘zj(3sint+2cost)dt =-3cost+2sint +c¢,

x'=-3cost+2sint+c,

X= J-(—3cosz‘+2sint+cl)dz‘=—3)sint—2cost+clt+c2 So, we find x;

X¢= —3sint—2cost+ ¢t +c,

X' —2x —cost

To find y, we will go from y = 1

_ x—=2x—cost _

p %[(—3cost+2sint+cl)- 2(—3sint—2cost+c,t +c,)- cost]

yt=%(85int—2c1t—2c2+cl)



We have received a general solution:

X¢= —3sint —2cost+ ¢t +c,

yt=%(85int—2c1t—2cz+cl)

To find that it satisfies the conditions: x(0)=4 and y(0)=1

4= —-3sin0—-2cos0+c,0+c, hereis obviously c,=4

1=%(8sin0—2010—2cz+c1) » c=16

Solution that satisfies the conditions is :

X¢= —3sint—2cost+16¢+4

ye= 2sint-8t+1

Symmetrical form

1. Find the first integrals for the system:

& _dy_ ds
Xz yz =Xy

Solution:

We'll take the first two members of this equality:

ax = & obviously we can all multiply with z
Xz yz

ax = & integral

x oy

d. d
b o Il =Ty +Inle| 5 Ipd=Inlye| —, |f=|ye|



RS .
x=yc; then ¢ =— firstthe first integral.
y

So: ¢ = s the first first integral.

In the most tasks is not difficult to find the first first integral, but we try to find the second first integral,
problems arise ...

But, we always have the option to express one unknown from obtained solutions and replace it in the home

equation.

You can always tryto use some “trick”....... for our example:
dx dy dz . . :
— == The idea is to the first member of equality add y up and down, and to another member add x
Xz yz =Xy

vdx xdy dz

= = Now gather first two members of equality
yXz  xyz —Xy

ydx +xdy _ dz ydx + xdy we can write as:  ydx + xdy = d(xy)
2xyz - Xy

d(xy) _ dz all multiply with xy

2xyz =Xy

d(xy) _dz

5 | from here is d(xy)=-2zdz — > xy=-Z’+¢c; — > c=xy+2z
Z [—

and this is required the second first integral

Solution is : ¢ = L the first first integral

C,=Xy+ 7> the second first integral

These two relations defines general integral of the system!



2. Find the first integrals for the system:

Solution:

Gather first two members of equality:

detdy _dz all multiply with (y - x)
y—x y=x
dx +dy=dz integral
xty=z+¢ ———» ¢ =x+ty-z the first first integral

Express from here z=x+y—c; and replace in :

dx dy

y—z z-X

dx B dy
y-(x+y-¢) (x+y-c¢)-x

dc  dy
-x—-¢ y-c

b _ry-a —r=a S
= - V= — » V= +
dx —-x-c -Xx—c X+c, x+¢
c
V+ Y - G this is a first-order linear differential equation, we have formula:

x+c x+¢

—jp(x)dx

y =e " e + [q(el ™ an)

[ p(x)dx =[——dv = Infx+c|
xX+c

y(x) = eijp(x)d)r (c, + J.q(x)ejp(x)dxdx) — o el (c, +I (x +¢,)dx)=

(c2 +¢,X) So:

1 .
y= (c, +¢,x) inhere wereplace ¢j=x+y-z
x+c¢



1
y=————(c, tx(x+y—2))
X+x+y—-z

e, +xtHxy—axz

2x+y-—-z
2xy+y’ —yz=c,+x" +xy—xz express from here c;
2xy+ Y’ —yz—x" —xy+xz =c,
c,=xy+y’ —yz—x"+xz the second first integral

Relations that define the general integral of system are:

ci=x+y—2z the first first integral
¢, =xy+y’ —yz—x’ + xz the second first integral




